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ON THE INDEX OF REDUCIBILITY OF PARAMETER IDEALS:
THE STABLE AND LIMIT VALUES
NGUYEN TU CUONG AND PHAM HUNG QUY
On the occasion of Le Van Thiem’s centenary
Abstract. Let (R,m) be a Noetherian local ring andM a finitely generated R-module of dimension
d. A famous result of Northcott says that if M is Cohen-Macaulay, then the index of reducibility of
parameter ideals on M is an invariant of the module. The aim of this paper is to extend Northcott’s
theorem for any finitely generated R-module. We call this invariant the stable value of the indices of
reducibility of parameter ideals of M . We also introduce the limit value of the indices of reducibility
of parameter ideals of M .
1. Introduction
Throughout this paper, let (R,m, k) be a Noetherian local ring and M a finitely generated R-
module of dimension d. A submodule N of M is called an irreducible submodule if N can not
be written as an intersection of two properly larger submodules of M . The number of irreducible
components of an irredundant irreducible decomposition of N , which is independent of the choice
of the decomposition by E. Noether [15], is called the index of reducibility of N and denoted by
irM (N). Let q be a parameter ideal of M then the index of reducibility of q on M is the index of
reducibility of qM and denoted by irM (q). We have irM (q) = dimk Soc(M/qM). Let R̂ and M̂ are
the m-adic completions of R and M , respectively. It is clear that irM (q) = irM̂ (qR̂). Therefore,
without loss of generality we always assume that R is a homomorphic image of a Cohen-Macaulay
local ring.
If M is Cohen-Macaulay, then Northcott proved that irM (q) is an invariant of the module
(cf. [16]) and it is called the Cohen-Macaulay type of M . More precisely, we have irM (q) =
dimk Soc(H
d
m(M)) for all parameter ideals q, where H
i
m(M) is the i-th local cohomology module of
M . After that several researchers tried to extend Northcott’s result for other classes of modules.
For example Goto et al. studied the problem for Buchsbaum modules in [11, 12]; Truong and the
authors extended the results for generalized Cohen-Macaulay modules in [6, 9]. In more details, if
M is generalized Cohen-Macaulay it is proved in [6, Corollary 4.3] and [9, Theorem 1.1] that irM (q)
does not depend of the choice of parameter ideals contained in a large enough power of m, and we
have
irM (q) =
d∑
i=0
(
d
i
)
dimk Soc(H
i
m(M)).
Recently, the above results were extended for the classes of sequentially (generalized) Cohen-
Macaulay modules and for parameter ideals generated by good systems of parameters in [17, 20].
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The main aim of this paper is to generalize Northcott’s result for an arbitrary finitely generated
R-module M . We prove that irM (q) is independent of the choice of parameter ideals which gener-
ated by certain systems of parameters, namely C-system of parameters (see Section 2 for details).
Our result is as follows.
Theorem 1.1 (Theorem 3.2). Let x = x1, ..., xd be a C-system of parameters of M . Then the
index of reducibility of (x) on M , irM (x), is independent of the choice of x.
We call the above invariant the stable value of the indices of reducibility of parameter ideals.
This invariant agrees with previous invariants of the classes of (sequentially) (generalized) Cohen-
Macaulay modules, and can be used to characterize these classes of rings (cf. Theorem 3.4). We also
introduce another invariant, say the limit value of the indices of reducibility of parameter ideals.
The limit value can be though of as the infimum limit of the indices of reducibility of parameter
ideals. It should be noted that we can not expect to have the supremum limit of the indices of
reducibility of parameter ideals in general by [12, Example 3.9].
This paper is organized as follows. In the next section we collect known results about the index
of reducibility of parameter ideals and recall the notion of C-system of parameters. In Section 3,
we study the stable value. The existence of the limit value is shown in Section 4. In the last section
we compute the stable value for unmixed modules of dimension three and of depth two.
Acknowledgement . The second author is grateful to Professor Shiro Goto for his comments which
lead the main result of Section 5. The authors would like to thank the anonymous referee for helpful
comments on the earlier version.
2. Preliminaries
We start with the notion of annihilator of local cohomology which plays the key role of this
paper.
Notation 2.1. Let (R,m) be a Noetherian local ring and M a finitely generated R-module of
dimension d > 0.
(i) For all i < d we set ai(M) = AnnH
i
m(M), and a(M) = a0(M)...ad−1(M).
(ii) Put b(M) =
⋂d
x;i=1Ann(0 : xi)M/(x1,...,xi−1)M where x = x1, ..., xd runs over all systems of
parameters of M .
Remark 2.2. (i) Schenzel (cf. [19, Satz 2.4.5]) proved that
a(M) ⊆ b(M) ⊆ a0(M) ∩ · · · ∩ ad−1(M).
(ii) If R is a homomorphic image of a Cohen-Macaulay local ring, then dimR/ai(M) ≤ i for all
i < d. Furthermore, dimR/ai(M) = i iff there exists p ∈ AssM such that dimR/p = i (see
[1, Theorem 8.1.1]). Therefore we can choose a parameter element x ∈ a(M) ⊆ b(M) of M .
We next mention the main object of this paper.
Definition 2.3. Let q be a parameter ideal of M . The index of reducibility of q on M is the
number of irreducible components appear in an irredundant irreducible decomposition of qM , and
denoted by irM (q).
Remark 2.4. (i) It is well known that irM (q) = dimR/m Soc(M/qM) (cf. [16, Section 3]), where
Soc(N) = 0 :N m ∼= Hom(R/m, N) for an arbitrary R-module N .
(ii) A classical result of Northcott [16] says that the index of reducibility of parameter ideal of a
Cohen-Macaulay module is an invariant of the module. In fact, if M is Cohen-Macaulay, then
irM (q) = dimR/m Soc(H
d
m(M)) for all parameter ideals q.
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(iii) Goto and Sakurai extended the Northcott result for Buchsbaum modules in [11]. Truong and
the fisrt author generalized Goto-Sakurai’s result for generalized Cohen-Macaulay modules in
[9] (see also [6, Corollary 4.3]). Let M be a generalized Cohen-Macaulay module and n0 a
positive integer such that mn0H im(M) = 0 for all i = 0, ..., d− 1. Then for all parameter ideals
q contained in m2n0 we have
irM (q) =
d∑
i=0
(
d
i
)
dimR/m Soc(H
i
m(M)).
(iv) In general, the index of reducibility of parameter ideals are not bounded above ([12, Example
3.9]). However, if M is generalized Cohen-Macaulay, then Goto and Suzuki proved that
irM (q) ≤
d−1∑
i=0
(
d
i
)
ℓ(H im(M)) + dimR/m Soc(H
d
m(M))
for all parameter ideals q of M (cf. [12, Theorem 2.1]). Recently, the second author extended
this result for the class of module with dimR/a(M) ≤ 1 in [18].
Next we recall briefly some basic facts about filtrations satisfying the dimension condition and
good system of parameters (cf. [3, 5]).
Definition 2.5.
(i) We say that a finite filtration
F :M0 ⊆M1 ⊆ · · · ⊆Mt =M
of submodules of M satisfies the dimension condition if dimM0 < dimM1 < · · · < dimMt,
and then F is said to have length t. For convenience, we always consider that dimM1 > 0.
(ii) A filtration of submodules D : D0 ⊆ D1 ⊆ · · · ⊆ Dt = M of M is called the dimension
filtration of M if the following two conditions are satisfied:
(a) Di−1 is the largest submodule of Di with dimDi−1 < dimDi for i = t, t− 1, ..., 1.
(b) D0 = H
0
m(M) is the 0-th local cohomology module ofM with respect to the maximal ideal
m.
Definition 2.6. Let F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M be a filtration satisfying the dimension
condition. Put di = dimMi. A system of parameters. x = x1, ..., xd of M is called a good system
of parameters with respect to F if Mi ∩ (xdi+1, ..., xd)M = 0 for i = 0, 1, ..., t− 1. A good system of
parameters with respect to the dimension filtration is simply called a good system of parameters
of M .
Definition 2.7. Let F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M be a filtration of submodules of M .
Then, F is called a (generalized) Cohen-Macaulay filtration if it satisfies the dimension condition,
dimM0 = 0 and M1/M0, ...,Mt/Mt−1 are (generalized) Cohen-Macaulay modules. Moreover, M is
called a sequentially (generalized) Cohen-Macaulay module if it has a (generalized) Cohen-Macaulay
filtration.
It is clear that a (generalized) Cohen-Macaulay module is a sequentially (generalized) Cohen-
Macaulay module with the (generalized) Cohen-Macaulay filtration F : 0 ⊆M . Truong in [20] and
the second author in [17] studied the stable value of the indices of reducibility of good parameter
ideals of sequentially (generalized) Cohen-Macaulay modules.
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Theorem 2.8 ([17], Theorem 3.12). Let M be a sequentially generalized Cohen-Macaulay module
with a generalized Cohen-Macaulay filtration F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M , di = dimMi for
all i = 0, . . . , t. Then for every good system of parameters x = x1, ..., xd of M with respect to F
contained in a large enough power of m, the index of reducibility of (x) on M is independent of the
choice of x and
irM (x) = dimR/m Soc(H
0
m(M)) +
t−1∑
i=0
di+1∑
j=1
((
di+1
j
)
−
(
di
j
))
dimR/m Soc(H
j
m(M/Mi)).
Corollary 2.9 ([20]). Let M be a sequentially Cohen-Macaulay module of dimension d. Then there
is a positive integer n such that for every good system of parameters x = x1, ..., xd of M contained
in mn the index of reducibility irM (x) is independent of the choice of x and
irM (x) =
d∑
i=0
dimR/m Soc(H
i
m(M)).
Finally we present the splitting property of local cohomology in [6, 7], and the notion of C-system
of parameters.
Definition 2.10. The largest submodule of M of dimension less than d is called the unmixed
component of M and denoted by UM (0).
Notice that if D : D0 ⊆ D1 ⊆ · · · ⊆ Dt =M is the dimension filtration ofM , thenDt−1 = UM (0).
Moreover, if x ∈ b(M) is a parameter element of M , then 0 :M x = UM (0).
Theorem 2.11 ([7], Corollary 3.2.5). Let x ∈ b(M)3 be a parameter element of M . Let UM (0) be
the unmixed component of M and set M =M/UM (0). Then
H im(M/xM)
∼= H im(M)⊕H
i+1
m (M )
for all i < d− 1, and
Soc(Hd−1m (M/xM))
∼= Soc(Hd−1m (M))⊕ Soc(H
d
m(M)).
It is natural to raise the following notion.
Definition 2.12 ([7]). A system of parameters x1, ..., xd is called a C-system of parameters of M
if xd ∈ b(M)
3 and xi ∈ b(M/(xi+1, ..., xd)M)
3 for all i = d− 1, ..., 1.
According to [4], R is a homomorphic image of a Cohen-Macaulay local ring if and only if every
finitely generated R-module admits a C-system of parameter. The following are useful properties
of C-system of parameters.
Lemma 2.13. Let x1, ..., xd be a C-system of parameters of M . Then
(i) x1, ..., xd is a d-sequence.
(ii) xn11 , ..., x
nd
d is a C-system of parameters of M for all n1, ...., nd ≥ 1.
(iii) For all i ≤ d we have x1, ..., xi−1, xi+1, ..., xd is a C-system of parameters of M/xiM .
(iv) Let N ⊆ H0m(M) be a submodule of finite length. Then x1, ..., xd is a C-system of parameters
of M/N .
Proof. For the three first properties see [7, Lemma 3.8, Corollary 4.7 and Proposition 4.8]. For the
last one we refer to [14, Lemma 2.16 (iv)]. 
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Let x ∈ b(M)3 be a parameter element of M . The short exact sequence
0→M/UM (0)
x
→M →M/xM → 0
induces
· · · → Hd−1m (M/xM)→ H
d
m(M/UM (0))
∼= Hdm(M)→ · · · .
The last isomorphism of Theorem 2.11 says that the induced map on the socles is surjective
Soc(Hd−1m (M/xM)։ Soc(H
d
m(M)).
By induction we have the following, here H i(x;M) denotes the i-th Koszul cohomology of M with
respect to the sequence x = x1, ..., xd.
Lemma 2.14. Let x = x1, ..., xd be a C-system of parameters of M . Then the canonical map
M/(x)M ∼= Hd(x;M)→ Hdm(M)
induces a surjective map on the socles
Soc(M/(x)M)։ Soc(Hdm(M)).
We will need the following in the sequel.
Lemma 2.15. Let x = x1, ..., xd be a C-system of parameters of M . Then we have a surjective
map on the socles
Soc(Hd−1m (M/x1M))։ Soc(H
d
m(M)).
Proof. We proceed by induction on d. The case d = 1 is clear since x1 ∈ b(M)
3. For d > 1, set
N = H0m(M). By Lemma 2.13 (iv), x = x1, ..., xd is a C-system of parameters of M/N . Moreover,
we have Hdm(M)
∼= Hdm(M/N) and H
d−1
m (M/x1M)
∼= Hd−1m (M/x1M + N). Thus we can assume
henceforth that depth(M) > 0. Hence x1 is M -regular since x is a d-sequence (see Lemma 2.13
(i)). The short exact sequence
0→M
x1→M →M/x1M → 0
induces the following commutative diagram
· · · −−−−→ Hd−1(x;M) −−−−→ Hd−1(x;M/x1M) −−−−→ H
d(x;M) −−−−→ · · ·y y y
· · · −−−−→ Hd−1m (M) −−−−→ H
d−1
m (M/x1M) −−−−→ H
d
m(M) −−−−→ · · ·
with rows are exact. Furthermore the top row splits by [12, Lemma 1.7]. Restricting on the socle
modules we have the commutative diagram
0 −−−−→ Soc(Hd−1(x;M)) −−−−→ Soc(Hd−1(x;M/x1M))
δ
−−−−→ Soc(Hd(x;M)) −−−−→ 0y y piy
· · · −−−−→ Soc(Hd−1m (M)) −−−−→ Soc(H
d−1
m (M/x1M))
γ
−−−−→ Soc(Hdm(M)) −−−−→ · · · .
Notice that δ is surjective and π is also surjective by Lemma 2.14. Thus the map
γ : Soc(Hd−1m (M/x1M))→ Soc(H
d
m(M))
is surjective. 
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3. The stable value
In this section we cover all stable results on the index of reducibility of parameter ideals mentioned
in the previous section. The following lemma immediately follows from Theorem 2.11.
Lemma 3.1. Let x ∈ b(M)3 be a parameter element of M . Let UM (0) be the unmixed component
of M and set M =M/UM (0). Then for all i ≤ d− 1 we have
dimR/m Soc(H
i
m(M/xM)) = dimR/m Soc(H
i
m(M)) + dimR/m Soc(H
i+1
m (M )).
We now state the main result of this section.
Theorem 3.2. Let x = x1, ..., xd be a C-system of parameters of M . Then the index of reducibility
of x on M , irM (x), is independent of the choice of x.
Proof. Let y = y1, ..., yd be a C-system of parameters of M we prove that irM (x) = irM (y). We
proceed by induction of d. The case d = 1 follows from Lemma 3.1. For d > 1 we choose
z ∈ b(M/(x2, . . . , xd)M)
3 ∩ b(M/(y2, . . . , yd)M)
3 is a parameter element of both M/(x2, . . . , xd)M
and M/(y2, . . . , yd)M . The existence of z follows from Remark 2.2. Therefore x
′ = z, x2, . . . , xd
and y′ = z, y2, . . . , yd are C-systems of parameters of M . By Lemma 2.13 both x1, . . . , xd−1 and
z, x2, . . . , xd−1 are C-systems of parameters of M/xdM . We have
irM (x) = irM/xdM (x1, . . . , xd−1) = irM/xdM (z, x2, . . . , xd−1) = irM (x
′),
where the second equality follows from the induction. Similarly, we have
irM (y) = irM (y
′).
On the other hand, x′′ = x2, . . . , xd and y
′′ = y2, . . . , yd are C-systems of parameters of M/zM by
Lemma 2.13 again. Applying the inductive hypothesis for M/zM we have
irM (x
′) = irM/zM (x
′′) = irM/zM (y
′′) = irM (y
′).
The proof is complete. 
Definition 3.3. We denote the invariant in the previous theorem by NR(M). We call NR(M) the
stable value of the indices of reducibility of parameter ideals of M .
The stable value NR(M) can be used to characterize (sequentially) Cohen-Macaulay modules as
follows.
Theorem 3.4. The following hold true.
(i) M is Cohen-Macaulay if and only if NR(M) = dimR/m Soc(H
d
m(M)).
(ii) NR(M) ≥
∑d
i=0 dimR/m Soc(H
i
m(M)) and the equality occurs if and only if M is sequentially
Cohen-Macaulay.
Proof. (i) follows from (ii).
(ii) Induction on d. The case d = 1 is not difficult since M is generalized Cohen-Macaulay.
For d > 1, let D : D0 ⊆ D1 ⊆ · · · ⊆ Dt = M be the dimension filtration of M . Notice that
Dt−1 = UM (0) the unmixed component of M . Let x = x1, . . . , xd be a C-system of parameters of
M . By Lemma 3.1 we have
d−1∑
i=0
dimR/m Soc(H
i
m(M/xdM)) =
d∑
i=0
dimR/m Soc(H
i
m(M)) +
d−1∑
i=0
dimR/m Soc(H
i
m(M/Dt−1)).
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Thus
∑d−1
i=0 dimR/m Soc(H
i
m(M/xdM)) ≥
∑d
i=0 dimR/m Soc(H
i
m(M)) and the equality occurs if and
only ifM/Dt−1 is Cohen-Macaulay. Since x1, . . . , xd−1 is also a C-system of parameters ofM/xdM ,
we have
NR(M) = NR(M/xdM) ≥
d−1∑
i=0
dimR/m Soc(H
i
m(M/xdM)) ≥
d∑
i=0
dimR/m Soc(H
i
m(M)),
where the first inequality follows from the induction. ThereforeNR(M) ≥
∑d
i=0 dimR/m Soc(H
i
m(M))
and the equality occurs if and only if M/xdM is sequentially Cohen-Macaulay and M/Dt−1 is
Cohen-Macaulay. The last condition is equivalent to M is sequentially Cohen-Macaulay by the
following claim.
Claim. M is sequentially Cohen-Macaulay if and only if M/xdM is sequentially Cohen-Macaulay
and M/Dt−1 is Cohen-Macaulay.
Proof of Claim. ”⇒” follows from [2, Lemma 6.4] and the definition of sequentially Cohen-Macaulay
module.
”⇐”, since M := M/Dt−1 is Cohen-Macaulay we have the following short exact sequence
0→ Dt−1 →M/xdM →M/xdM → 0.
Thus the dimension filtration of M/xdM is either
D0 ∼=
D0 + xdM
xdM
⊆ · · · ⊆ Dt−1 ∼=
Dt−1 + xdM
xdM
⊆M/xdM,
if dimDt−1 < d− 1, or
D0 ∼=
D0 + xdM
xdM
⊆ · · · ⊆ Dt−2 ∼=
Dt−2 + xdM
xdM
⊆M/xdM,
if dimDt−1 = d−1. If dimDt−1 < d−1 we have Di/Di−1 is Cohen-Macaulay for all i = 0, . . . , t−1
since M/xdM is sequentially Cohen-Macaulay. So M is sequentially Cohen-Macaulay. Suppose
dimDt−1 = d − 1, we need only to prove that Dt−1/Dt−2 is Cohen-Macaulay. This requirement
can be proved by applying the local cohomology functor H im(−) to the short exact sequence
0→ Dt−1/Dt−2 →M/(Dt−2 + xdM)→M/xdM → 0.
Therefore the claim is proved and the proof is complete. 
Remark 3.5. If M is (sequentially) generalized Cohen-Macaulay modules, then it is easily seen
that NR(M) is just the invariants of Remark 2.4 (iii) and Theorem 2.8. At the time of writing the
authors were not able to use these equalities to characterize these classes of modules.
4. The limit value
For each n ≥ 1 we define
αn(M) = min{irM (q) | q ⊆ m
n a system of parameters of M}.
We have {αn(M)}n≥1 is a non-decreasing sequence and bounded above by NR(M) since we can
choose a C-system of parameters which is contained in mn for all n ≥ 1. Thus the following is well
defined.
Definition 4.1. The limit α(M) = limαn(M) exists. We call α(M) the limit value of the indices
of reducibility of parameter ideals of M
We can use the limit value to characterize the Cohen-Macaulayness as follows.
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Theorem 4.2. For any local ring (R,m) we have
dimR/m Soc(H
d
m(M)) ≤ α(M) ≤ NR(M).
Moreover α(M) = dimR/m Soc(H
d
m(M)) if and only if M is Cohen-Macaulay.
Proof. The last inequality follows from the above discussion. The first inequality follows from of a
result of Goto and Sakurai [11, Lemma 3.12] which claims that for all parameter ideals contained
in a large enough power of m the canonical map
M/qM = Hd(q;M)→ Hdm(M)
induced a surjective map on the socle modules Soc(M/qM) ։ Soc(Hdm(M)). The last assertion
follows from [8, Theorem 5.2]. 
By Remark 2.4 (iii) we have the following.
Proposition 4.3. Let M be a generalized Cohen-Macaulay module. Then we have
α(M) =
d∑
i=0
(
d
i
)
dimR/m Soc(H
i
m(M)).
The number α(M) is still mysterious to us for non-generalized Cohen-Macaulay modules. Below
we compute this invariant in a very simple example.
Example 4.4. Let R = k[[X,Y,Z]]/(XY,XZ) = K[[x, y, z]], where K is a field. We have R is a
sequentially Cohen-Macaulay ring of dimension two with the Cohen-Macaulay filtration 0 ⊆ (x) ⊆
R. Let q be a parameter ideal of R. Since R = R/(x) is Cohen-Macaulay, the short exact sequence
0→ (x)→ R→ R→ 0
induces the short exact sequence
0→ (x)/xq→ R/q→ R/qR→ 0.
Therefore we have the left exact sequence of the socle modules
0→ Soc((x)/xq) → Soc(R/q)→ Soc(R/qR).
Notice that (x) ∼= K[[X]] is a DVR and R ∼= K[[Y,Z]] is a regular local ring. Hence
ir(q) ≤ dimK Soc((x)/xq) + dimK Soc(R/qR) = 2
for all q. We use again [11, Lemma 3.12] to obtain that the natural map
Soc(R/q)→ Soc(H2m(R))
is surjective for any q contained in a large enough power of m. On the other hand, since R is
Cohen-Macaulay we have
Soc(R/qR) ∼= Soc(H2m(R))
∼= Soc(H2m(R)).
Therefore the natural map Soc(R/q)→ Soc(R/qR) is surjective for all q contained in a large enough
power of m. Hence α(R) = 2.
We list here some natural questions about the limit value.
Question 1. Does α(M) = NR(M) for every finitely generated R-module M?
Question 2. For every finitely generated R-module M , does
∑d
i=0 dimR/m Soc(H
i
m(M)) ≤ α(M),
and the equality occurs if and only if M is sequentially Cohen-Macaulay?
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5. The three dimensional case
In this section we compute the stable value NR(M) when M is unmixed, dimM = 3 and
depth(M) = 2. Note that if M is generalized Cohen-Macaulay then it satisfies the Serre condition
S2. We also refer to [13] for the S2-ification.
Lemma 5.1. Let S be the S2-ification of M . Suppose M is not generalized Cohen-Macaulay. Then
D := S/M is a Cohen-Macaulay module of dimension one.
Proof. For each p ∈ Spec(R) such that Mp is S2 we have Sp =Mp so Dp = 0. Since M is unmixed
and dimM = 3 we have Mp is Cohen-Macaulay for all p ∈ Supp(M) such that dimR/p ≥ 2.
Therefore dimR/p ≤ 1 for all p ∈ AssD. Moreover the short exact sequence
0→M → S → D → 0
induces the exact sequence
0→ H0m(D)→ H
1
m(M)→ · · · .
But depth(M) = 2 so H0m(D) = 0. Hence dimD = 1 and D is Cohen-Macaulay. 
Let x = x1, x2, x3 be a C-system of parameters of M . Then we have M/x1M is unmixed by
depth(M) = 2 and [14, Remark 3.3]. Thus M/x1M is generalized Cohen-Macaulay and x2, x3 is a
C-system of parameters of M/x1M .
Remark 5.2. In fact we have AssD = F(M) where
F(M) = {p ∈ Spec(R) | dimMp > 1 = depthMp, p 6= m}
is a finite set (cf. [10, Lemma 3.2]). Moreover F(M) = {p ∈ Ass(M/x3M) | dimR/p ≤ 1} by [7,
Proposition 4.14]. Thus x1 is a parameter element of D.
The following is the main result of this section.
Theorem 5.3. Let M be an unmixed module of dimension 3 and depth(M) = 2. Let S be the
S2-ification of M , we have
NR(M) = 2dimR/m Soc(H
2
m(M)) + dimR/m Soc(H
3
m(M)) + dimR/m Soc(H
2
m(S)).
Proof. IfM is generalized Cohen-Macaulay, we have S =M and the assertion follows from Remark
2.4 (iii). Suppose M is not generalized Cohen-Macaulay. Choose a C-system of parameters x =
x1, x2, x3 of M such that it is also a standard system of parameters of S. We have
NR(M) = irM (x) = irM/x1M ((x2, x3)) =
2∑
i=0
(
2
i
)
dimR/m Soc(H
i
m(M/x1M))
by Remarks 2.4 and 3.5.
On the other hand, applying the local cohomology functor to the short exact sequence
0→M
x1→M →M/x1M → 0
we have H0m(M/x1M) = 0 and H
1
m(M/x1M)
∼= 0 :H2
m
(M) x1 and the exact sequence
0→ H2m(M)/x1H
2
m(M)→ H
2
m(M/x1M)→ H
3
m(M)→ · · · .
Thus dimR/m Soc(H
1
m(M/x1M)) = dimR/m Soc(H
2
m(M)). We need only to prove that
dimR/m Soc(H
2
m(M/x1M)) = dimR/m Soc(H
3
m(M)) + dimR/m Soc(H
2
m(S)).
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By Lemma 2.15 we have the following exact sequence
0→ Soc(H2m(M)/x1H
2
m(M))→ Soc(H
2
m(M/x1M))→ Soc(H
3
m(M))→ 0.
Therefore the assertion follows from the following claim.
Claim. H2m(M)/x1H
2
m(M)
∼= H2m(S).
Proof of Claim. Since D = S/M is a Cohen-Macaulay module of dimension one (cf. Lemma 5.1),
the short exact sequence
0→M → S → D → 0
induces the exact sequence
0→ H1m(D)→ H
2
m(M)→ H
2
m(S)→ 0.
Consider the following commutative diagram
0 −−−−→ H1m(D) −−−−→ H
2
m(M) −−−−→ H
2
m(S) −−−−→ 0
x1
y x1y x1y
0 −−−−→ H1m(D) −−−−→ H
2
m(M) −−−−→ H
2
m(S) −−−−→ 0.
By Remark 5.2, dimD/x1D = 0 thus the map H
1
m(D)
x1→ H1m(D) is surjective. Moreover since x is a
standard system of parameter of S, x1H
2
m(S) = 0. By the Snake lemma we haveH
2
m(M)/x1H
2
m(M)
∼=
H2m(S). This proves the claim.
The proof is complete. 
Example 5.4. Let T = K[[a, b, c, d, e]] be the formal power series ring over a field K. Let R =
T/((a, b) ∩ (c, d)). It is easy to check that R is unmixed of dimR = 3 and depth(R) = 2. The
S2-ification of R is
S = T/(a, b) ⊕ T/(c, d).
We have S is Cohen-Macaulay and D = S/R ∼= T/(a, b, c, d). By the short exact sequence
0→ R→ S → D → 0
one can compute that dimK Soc(H
2
m(R)) = 1 and dimK Soc(H
3
m(R)) = 2. Therefore N (R) = 4.
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